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Chapter 2: Linear Regression

1. S :=
∑N

i=1 (yi − β0 − β1xi)
2

(a) Let x̄ := 1
N

∑N
i=1 xi, ȳ := 1

N

∑N
i=1 yi, then,

∂S

∂β0
= −2

N∑
i=1

(yi − β0 − β1xi) = 0⇐⇒
N∑
i=1

(β0 + β1xi) =

N∑
i=1

yi

⇐⇒Nβ0 + β1

N∑
i=1

xi =

N∑
i=1

yi ⇐⇒ β0 + β1 ·
1

N

N∑
i=1

xi =
1

N

N∑
i=1

yi ⇐⇒ β0 + β1x̄ = ȳ

(b) From β0 = ȳ − β1x̄,

∂S

∂β1
= −2

N∑
i=1

xi (yi − β0 − β1xi) = 0⇐⇒ β0

N∑
i=1

xi + β1

N∑
i=1

x2
i =

N∑
i=1

xiyi

⇐⇒ (ȳ − β1x̄)

N∑
i=1

xi + β1

N∑
i=1

x2
i =

N∑
i=1

xiyi ⇐⇒ Nx̄ȳ − β1Nx̄2 + β1

N∑
i=1

x2
i =

N∑
i=1

xiyi

⇐⇒β1

(
N∑
i=1

x2
i −Nx̄2

)
=

N∑
i=1

xiyi −Nx̄ȳ ⇐⇒ β1

N∑
i=1

(xi − x̄)
2
=

N∑
i=1

(xi − x̄) (yi − ȳ)

Since x1, · · · , xN are not all equal, i.e.,
∑N

i=1 (xi − x̄)
2 6= 0,

β1 =

∑N
i=1 (xi − x̄) (yi − ȳ)∑N

i=1 (xi − x̄)
2

2. The slope of l (β̂1) is

β̂1 =

∑N
i=1 (xi − x̄) (yi − ȳ)∑N

i=1 (xi − x̄)
2
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and the intercept (β̂0) is determined by

β̂0 = ȳ − β̂1x̄

Considering xi − x̄ 7→ xi, yi − ȳ 7→ yi (i = 1, . . . , N), the slope of l′, β̂1, is

β̂1 =

∑N
i=1 xiyi∑N
i=1 x

2
i

At this time, since x̄ = ȳ = 0, the intercept of l′ is 0 (passes through the origin). Once β̂1 is obtained, the

intercept β̂0 of l can be obtained using β̂1 and from (a’),

β̂0 = ȳ − β̂1x̄

(a) For any z ∈ Rm,

Az = B⊤Bz = 0⇒ z⊤B⊤Bz = 0⇒ (Bz)⊤Bz = 0⇒ ‖Bz‖2 = 0⇒ Bz = 0

Bz = 0⇒ B⊤Bz = 0⇒ Az = 0

Thus,
Az = 0⇔ Bz = 0

(b) From (a), the kernels of linear mappings by A and B are equal. Also, by Proposition 4 (dimension theorem),
the sum of the dimensions of the image and kernel of both A and B is m. Therefore, the dimensions of the
images of A and B are equal, and by Proposition 4, the ranks of A and B are also equal.

5. Let X ∈ RN×(p+1) be a matrix where the first column is all ones.

(a) When N < p+ 1, by Proposition 3,

rank(X⊤X) ≤ rank(X) = min{N, p+ 1} = N < p+ 1.

Note that X⊤X ∈ R(p+1)×(p+1) is a square matrix. By Proposition 1, X⊤X does not have an inverse
matrix.

(b) When N ≥ p+ 1 and there are two identical columns in X, by Proposition 3,

rank(X⊤X) ≤ rank(X) < p+ 1

Therefore, for the same reason as (a), X⊤X does not have an inverse matrix.

6. (a) For j = 0, 1, . . . , p,

L =
1

2

N∑
i=1

(
yi −

p∑
k=0

xi,kβk

)2

=
1

2

N∑
i=1

yi −
∑
k ̸=j

xi,kβk − xi,jβj

2
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The partial derivative with respect to βj is

∂L

∂βj
=

1

2

N∑
i=1

2x2
i,jβj − 2xi,j

yi −
∑
k ̸=j

xi,kβk


= −

N∑
i=1

xi,jyi +

N∑
i=1

x2
i,jβj + xi,j

∑
k ̸=j

xi,kβk


= −

N∑
i=1

xi,jyi +

p∑
k=0

N∑
i=1

xi,jxi,kβk

On the other hand, the j-th component ofX⊤y is
∑N

i=1 xi,jyi, the (j, k) component ofX⊤X is
∑N

i=1 xi,jxi,k,

and the j-th component of X⊤Xβ is
∑p

k=0

∑N
i=1 xi,jxi,kβk. Therefore, the j-th component of −X⊤y +

X⊤Xβ is

−
N∑
i=1

xi,jyi +

p∑
k=0

N∑
i=1

xi,jxi,kβk

which matches ∂L
∂βj

, hence the statement is proved.

(b) From the calculation in (a), β ∈ Rp+1 such that ∂L
∂βj

= 0 for all j satisfies

−X⊤y +X⊤Xβ = 0

Assuming that X⊤X has an inverse matrix, the desired β̂ is

β̂ =
(
X⊤X

)−1
X⊤y

7. (a) Given the condition y = Xβ + ε, substituting this into Proposition 11, we get

β̂ =
(
X⊤X

)−1
X⊤y =

(
X⊤X

)−1
X⊤(Xβ + ε) =

(
X⊤X

)−1
X⊤Xβ +

(
X⊤X

)−1
X⊤ε = β +

(
X⊤X

)−1
X⊤ε

(b) Since ε ∼ N
(
0, σ2I

)
, the mean of ε ∈ RN is 0, so even when multiplied by the constant matrix

(
X⊤X

)−1
X⊤,

the mean of
(
X⊤X

)−1
X⊤ε is also 0. Therefore, from (a), E[β̂] = β, hence the statement is proved.

(c) From (a),

E
[
(β̂ − β)(β̂ − β)⊤

]
= E

[(
X⊤X

)−1
X⊤ε

{(
X⊤X

)−1
X⊤ε

}⊤
]
= E

[(
X⊤X

)−1
X⊤εε⊤X

(
X⊤X

)−1
]

=
(
X⊤X

)−1
X⊤E

[
εε⊤

]
X
(
X⊤X

)−1
= σ2

(
X⊤X

)−1
X⊤X

(
X⊤X

)−1
= σ2

(
X⊤X

)−1

Here, we used the covariance matrix of ε, E
[
εε⊤

]
= σ2I.

8. Let H = X
(
X⊤X

)−1
X⊤ ∈ RN×N , and ŷ = Xβ̂, then

(a) H2 = X
(
X⊤X

)−1
X⊤X

(
X⊤X

)−1
X⊤ = X

(
X⊤X

)−1
X⊤ = H implies that H2 = H.
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(b) (I −H)2 = I − 2H +H2 = I − 2H +H = I −H implies that (I −H)2 = I −H.

(c) HX = X
(
X⊤X

)−1
X⊤X = X implies that HX = X.

(d) By Proposition 11, ŷ = Xβ̂ = X
(
X⊤X

)−1
X⊤y = Hy implies that ŷ = Hy.

(e) y− ŷ = y−Hy = (I−H)(Xβ+ε) = (X−HX)β+(I−H)ε = (X−X)β+(I−H)ε = (I−H)ε implies that
y − ŷ = (I −H)ε. The first equality uses (d), the next equality uses (1.12), and the penultimate equality
uses (c).

(f) ‖y − ŷ‖2 = (y − ŷ)⊤(y − ŷ) = {(I −H)ε}⊤(I −H)ε = ε⊤(I −H)⊤(I −H)ε = ε⊤(I −H)2ε = ε⊤(I −H)ε
implies that ‖y − ŷ‖2 = ε⊤(I −H)ε. Here, the second equality uses (e), the penultimate equality uses the
linearity of transposition and

H⊤ =
{
X
(
X⊤X

)−1
X⊤
}⊤

= X
{(

X⊤X
)−1
}⊤

X⊤ = X
{(

X⊤X
)⊤}−1

X⊤ = X
(
X⊤X

)−1
X⊤ = H

The final transformation relies on (b).

9. (a) Let H := X(X⊤X)−1X⊤. By Proposition 3 and rank(X) = p+ 1,

rank(H) ≤ min{rank(X(X⊤X)−1), rank(X⊤)} ≤ rank(X⊤) = rank(X) = p+ 1

Meanwhile, from (c) in the previous problem, HX = X implies

rank(HX) = rank(X) = p+ 1

Thus,
rank(HX) ≤ min{rank(H), rank(X)} ≤ rank(H)

Therefore, rank(H) ≥ p + 1. Consequently, rank(H) = p + 1, and by Proposition 4, the dimension of the
image of H is p+ 1.

(b) From (c) in the previous problem: HX = X, the column vectors of X are eigenvectors of H with eigenvalue
1. Moreover, since rank(X) = p + 1, the column vectors of X are linearly independent. Therefore, the
column vectors of X form a basis for the eigenspace of H with eigenvalue 1, and its dimension is p+1. Here,
the eigenspace of H with eigenvalue 1 is the kernel of H. Thus, by Proposition 4 and rank(H) = p+1, the
dimension of the kernel is N − p− 1, so the eigenspace of H with eigenvalue 0 is N − p− 1 dimensions.

(c) For any x ∈ Rp+1,
(I −H)x = 0⇔ Hx = x

Thus, the eigenspace of H with eigenvalue 1 and the eigenspace of I −H with eigenvalue 0 are equal, so
the dimension of the eigenspace of I −H with eigenvalue 0 is p+ 1. Furthermore,

(I −H)x = x⇔ Hx = 0

Thus, the eigenspace of H with eigenvalue 0 and the eigenspace of I −H with eigenvalue 1 are equal, so
the dimension of the eigenspace of I −H with eigenvalue 1 is N − p− 1.

10. (a) Assume ε ∼ N
(
0, σ2I

)
. Let v = Pε, then ε = P−1v = P⊤v,

ε⊤(I −H)ε = v⊤P (I −H)P⊤v
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Here, P (I −H)P⊤ becomes a diagonal matrix with N eigenvalues as components. In particular, from the
previous problem, I −H has N − p− 1 eigenvalues of 1 and p+ 1 eigenvalues of 0. Therefore,

v⊤P (I −H)P⊤v =

N−p−1∑
i=1

v2i

(b) E[vv⊤] = PE[εε⊤]P⊤ = Pσ2IP⊤ = σ2IPP⊤ = σ2I

(c) Let V = [v1, . . . , vN ], where vi ∼ N
(
0, σ2

)
for i = 1, . . . , N . Then, Zi =

Vi

σ are mutually independent and
each follows N(0, 1). Therefore,

N−p−1∑
i=1

v2i
σ2
∼ χ2

N−p−1

From (a),
RSS

σ2
∼ χ2

N−p−1

11. (a)

E
[
(β̂ − β)(y − ŷ)⊤

]
= E

[(
X⊤X

)−1
X⊤εε⊤(I −H)

]
=
(
X⊤X

)−1
X⊤E

[
εε⊤

]
(I −H) = σ2

{(
X⊤X

)−1
X⊤ −

(
X⊤X

)−1
X⊤H

}
= σ2

{(
X⊤X

)−1
X⊤ −

(
X⊤X

)−1
X⊤X

(
X⊤X

)−1
X⊤
}
= 0

(b) For i = 0, 1, · · · , p,
(
β̂i − βi

)
/
(√

Biσ
)
is a function of β̂−β, and RSS is a function of y− ŷ. Since β̂−β and

y− ŷ both follow a normal distribution, and from (a), their covariance matrix is 0, the two are independent.
Therefore, the statement is proved.

(c) For i = 0, 1, · · · , p,

β̂i − βi

SE
(
β̂i

) =
β̂i − βi

σ̂
√
Bi

=
β̂i − βi√
RSS

N−p−1

√
Bi

=
β̂i − βi√
RSS
σ2

√
Biσ

/

√
RSS/σ2

N − p− 1

Since β̂ ∼ N
(
β, σ2

(
X⊤X

)−1
)
,

β̂i − βi√
Biσ

∼ N(0, 1)

Combining with 10.(c),

β̂i − βi

SE
(
β̂i

) ∼ tN−p−1

(d) Let
∑

i =
∑N

i=1.

X =

 1 x1

...
...

1 xN
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For this,

X⊤X =

(
1 · · · 1
x1 · · · xN

) 1 x1

...
...

1 xN

 =

(
N

∑
i xi∑

i xi

∑
i x

2
i

)
= N

(
1 x̄
x̄ 1

N

∑
i x

2
i

)

Therefore,

(
X⊤X

)−1
=

1

N

1
1
N

∑
i x

2
i − (x̄)2

(
1
N

∑
i x

2
i −x̄

−x̄ 1

)
=

1∑
i (xi − x̄)

2

(
1
N

∑
i x

2
i −x̄

−x̄ 1

)
Thus, the statement is proved.

14. (a) From the equality HX = X shown in 8.(c), since the first column vector of X has all its elements equal to
1, each column vector of W , with all elements equal to 1/N , becomes an eigenvector of H with eigenvalue
1. Therefore, HW = W holds. Furthermore,

(I −H)(H −W ) = H −W −H2 +HW = H −W −H +W = 0

Here, 8.(a) H2 = H was used.

(b)
ESS = ‖ŷ − ȳ‖2 = ‖Hy −Wy‖2 = ‖(H −W )y‖2,
TSS = ‖y − ȳ‖2 = ‖Iy −Wy‖2 = ‖(I −W )y‖2

Thus, the statement is proved.

(c)
ESS = ‖(H −W )y‖2 = ‖(H −W )Xβ + (H −W )ε‖2

To show the independence of RSS = ‖(I − H)ε‖2, it suffices to show the independence of (I − H)ε and
(H −W )ε, which both follow a normal distribution. Their covariance matrices are,

E
[
(I −H)ε{(H −W )ε}⊤

]
= E

[
(I −H)εε⊤(H −W )

]
= (I −H)E

[
εε⊤

]
(H −W ) = σ2(I −H)(H −W ) = 0

Thus, the independence in the statement is proved.

(d) Using (a),
‖(I −W )y‖2 =‖(I −H)y + (H −W )y‖2

=‖(I −H)y‖2 + ‖(H −W )y‖2 + 2{(I −H)y}⊤(H −W )y

=‖(I −H)y‖2 + ‖(H −W )y‖2 + 2y⊤(I −H)(H −W )y

=‖(I −H)y‖2 + ‖(H −W )y‖2

Thus, the statement is proved.

15. (a) For the i-th component ŷi − ȳi of ŷ − ȳ,

ŷi − ȳi = β̂0 + β̂1xi − β̂0 − β̂1x̄ = β̂1 (xi − x̄)
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Thus,

ŷ − ȳ = β̂1(x− x̄)

Here, x̄ ∈ RN is a column vector with all elements equal to 1
N

∑N
i=1 xi.

(b) Using (a),

R2 =
ESS

TSS
=
‖ŷ − ȳ‖2

‖y − ȳ‖2
=

β̂2
1‖x− x̄‖2

‖y − ȳ‖2

(c) From (b),

R2 =

{∑
i (xi − x̄) (yi − ȳ)∑

i (xi − x̄)
2

}2 ∑
i (xi − x̄)

2∑
i (yi − ȳ)

2

Meanwhile, the sample correlation coefficient r̂ is

r̂ =

∑
i (xi − x̄) (yi − ȳ)√∑

i (xi − x̄)
2∑

i (yi − ȳ)
2

Therefore,

r̂2 =
{
∑

i (xi − x̄) (yi − ȳ)}2∑
i (xi − x̄)

2∑
i (yi − ȳ)

2 =

{∑
i (xi − x̄) (yi − ȳ)∑

i (xi − x̄)
2

}2 ∑
i (xi − x̄)

2∑
i (yi − ȳ)

2

This is equal to R2.

17. (a) Note that x∗ is a constant.

E[x∗β̂] = x∗E[β̂]

Considering also 7.(c),

V
[
x∗β̂

]
= E

[{
x∗(β̂ − β)

}⊤
x∗(β̂ − β)

]
= x∗V (β̂)x⊤

∗ = σ2x∗
(
X⊤X

)−1
x⊤
∗

(b)

x∗β̂ − x∗β

SE
(
x∗β̂

) =
x∗β̂ − x∗β

σ̂

√
x∗ (X⊤X)

−1
x⊤
∗

=
x∗β̂ − x∗β√

RSS

N − p− 1

√
x∗ (X⊤X)

−1
x⊤
∗

=
x∗β̂ − x∗β√

RSS

σ2

√
x∗ (X⊤X)

−1
x⊤
∗ σ

/

√√√√ RSS

σ2

N − p− 1

Since β̂ ∼ N
(
β, σ2

(
X⊤X

)−1
)
, the numerator ∼ N(0, 1). On the other hand, by 11.(b), RSS/σ2 ∼

χ2
N−p−1, and since these two are also shown to be independent,

x∗β̂ − x∗β

SE
(
x∗β̂

) ∼ tN−p−1
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(c)

V
[
x∗β̂ − y∗

]
= σ2x∗

(
X⊤X

)−1
x⊤
∗ + σ2 = σ2

{
1 + x∗

(
X⊤X

)−1
x⊤
∗

}
Therefore,

x∗β̂ − y∗

σ̂

√
1 + x∗ (X⊤X)

−1
x⊤
∗

=
x∗β̂ − y∗

σ̂

√
1 + x∗ (X⊤X)

−1
x⊤
∗

/

√
RSS/σ2

N − p− 1

Since the numerator ∼ N(0, 1) and RSS/σ2 ∼ χ2
N−p−1, we obtain

x∗β̂ − y∗

σ̂

√
1 + x∗ (X⊤X)

−1
x⊤
∗

∼ tN−p−1

Chapter 3: Classification

19. For f(y) =
1

1 + e−y(β0+xT β)
,

f(−1) = 1

1 + e−(−1)(β0+xT β)
=

1

1 + e(β0+xT β)
= P (Y = −1)

f(1) =
1

1 + e−1(β0+xT β)
=

1

1 + e−(β0+xT β)
=

eβ0+xT β

eβ0+xT β + 1
= P (Y = 1)

Thus, the proposition is shown.

20. For f(x) =
1

1 + e−(β0+xβ)
, f ′(x) =

βe−(β0+xβ){
1 + e−(β0+xβ)

}2
f ′′(x) =

−β2e−(β0+xβ)
{
1 + e−(β0+xβ)

}
+ 2β2e−2(β0+xβ){

1 + e−(β0+xβ)
}3 =

β2e−(β0+xβ)
{
−1 + e−(β0+xβ)

}{
1 + e−(β0+xβ)

}3
Since β > 0, for any x ∈ R, f ′(x) > 0, x < −β0/β has f ′′(x) > 0, and x > −β0/β has f ′′(x) < 0. Therefore,
f(x) is monotonically increasing for any x ∈ R, convex down for x < −β0/β, and convex up for x > −β0/β.
The results of the implementation of the proposition are shown in the outline (R program Chapter 2). This is a
graph of y = f(x) where β0 = 0 and β is 0, 0.2, 0.5, 1, 2, 10. It shows that as β increases, y changes more sharply
around x = 0, transitioning from y = −1 to (x, y) = (0, 0) to y = 1.

21. Given β0 ∈ R, β =

 β1

...
βp

 ∈ R, (xi, yi) ∈ Rp × {−1, 1}, i = 1, · · ·N , xi =

 xi1

...
xip

,

X =

 1 xT
1

...
...

1 xT
N

 =

 1 x11 · · · x1p

...
...

. . .
...

1 xN1 · · · xNp

 ∈ RN×(p+1)
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(with xi0 = 0 assumed),

l (β0, β) =

N∑
i=1

log
{
1 + e−yi(β0+xT

i β)
}
=

N∑
i=1

log

[
1 + exp

{
−yi

p∑
k=0

(xikβk)

}]
Then, for j = 0, 1, · · · ,

∂l (β0, β)

∂βj
=

n∑
i=1

− (xijyi) exp {−yi
∑p

k=0 (xikβk)}
1 + exp {−yi

∑p
k=0 (xikβk)}

= −
n∑

i=1

yivi
1 + vi

xij

holds. Here, for i = 1, 2, · · · , N , vi = exp

{
−yi

p∑
k=0

(xikβk)

}
Thus,

∇l (β0, β) =


∂l(β0,β)

∂β0

...
∂l(β0,β)

∂βp

 ∈ Rp+1

can be written as u =


y1v1
1+v1

...
yNvN
1+vN

 so that ∇l (β0, β) = −XTu Additionally, for i = 1, 2, · · · , j = 0, 1, · · · , p,

∂vi
∂βj

= −yixijvi

holds, so for j, k = 0, 1, · · · , p,

∂2l (β0, β)

∂βjβk
= − ∂

∂βk

n∑
i=1

yivi
1 + vi

xij

= −
n∑

i=1

xij
∂

∂βk

yivi
1 + vi

= −
n∑

i=1

xij

(
−y2i xikvi

)
(1 + vi)− (yivi) (−yixikvi)

(1 + vi)
2

= −
n∑

i=1

xij
(−xikvi) (1 + vi) + xikv

2
i

(1 + vi)
2

=

n∑
i=1

xijxik
vi

(1 + vi)
2

Here, since yi ∈ {−1, 1}, we have y2i = 1. At this point, let W be an N -dimensional diagonal matrix with (i, i)

element vi/ (1 + vi)
2
,

W =


v1

(1+v1)
2 0 · · · 0

0 v2
(1+v2)

2

. . .
...

...
. . .

. . . 0
0 · · · 0 vN

(1+vN )2

 ∈ RN×N
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Then, the (i, k) element (i = 1, · · · , N, k = 0, 1, · · · , p) of WX ∈ RN×(p+1) is

vi

(1 + vi)
2xik

Therefore, the (j, k) element (j, k = 0, 1, · · · , p) of XTWX ∈ R(p+1)×(p+1) is

N∑
i=1

xji
vi

(1 + vi)
2xik =

n∑
i=1

xijxik
vi

(1 + vi)
2 =

∂2l (β0, β)

∂βjβk

Thus, the desired second derivative ∇2l (β0, β) is

∇2l (β0, β) = XTWX

Here, for any i = 1, · · · , N , since vi > 0, vi/ (1 + vi)
2
> 0, we can define U ∈ RN×N with each element being

the square root of each element of W ,

U =



√
v1

(1+v1)
2 0 · · · 0

0
√

v2
(1+v2)

2

. . .
...

...
. . .

. . . 0

0 · · · 0
√

vN
(1+vN )2


Then, since W = UTU , we have ∇2l (β0, β) = XT

(
UTU

)
X = (UX)TUX. Thus, using Proposition 10.1,

∇2l (β0, β) is a non-negative definite matrix, and therefore l (β0, β) is convex.

23. Rewriting the update rule using βold, βnew, u,W,X,

βnew ← βold +
(
XTWX

)−1
XTu

then,

βold +
(
XTWX

)−1
XTu =

(
XTWX

)−1
XTWXβold +

(
XTWX

)−1
XTu

=
(
XTWX

)−1
XT (WXβold + u)

=
(
XTWX

)−1
XTW

(
Xβold +W−1u

)
Thus, letting z = Xβold +W−1u, the update rule is

βnew ←
(
XTWX

)−1
XTWz

25. When considering the maximization of the likelihood

N∏
i=1

1

1 + exp {−yi (β0 + βTxi)}
, if yi

(
β0 + βTxi

)
≥ 0 holds

for any i = 1, · · · , N , then for any fixed β0, β, for instance by substituting β0 ← 2β0, β ← 2β, the exponent part
in (2.1) can be made smaller. Therefore, the maximum value

max
β0,β

N∏
i=1

1

1 + exp {−yi (β0 + βTxi)}

does not exist, and under this assumption, the parameters for logistic regression cannot be estimated by maximum
likelihood.
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26. The accuracy rate was (39 + 42)/100 = 0.81.

27.

Sk,l =

{
x ∈ Rp | πkfk(x)∑K

j=1 πjfj(x)
=

πlfl(x)∑K
j=1 πjfj(x)

}

fk(x) =
1√

(2π)p detΣk

exp

{
−1

2
(x− µk)

T
Σ−1

k (x− µk)

}
(a) Assuming πk = πl,

πkfk(x)∑K
j=1 πjfj(x)

=
πlfl(x)∑K

j=1 πjfj(x)

⇐⇒ fk(x) = fl(x)

⇐⇒ 1√
(2π)p detΣk

exp

{
−1

2
(x− µk)

T
Σ−1

k (x− µk)

}
=

1√
(2π)p detΣl

exp

{
−1

2
(x− µl)

T
Σ−1

l (x− µl)

}
⇐⇒

√
detΣk

detΣl
= exp

{
1

2

{
− (x− µk)

T
Σ−1

k (x− µk) + (x− µl)
T
Σ−1

l (x− µl)
}}

Taking the logarithm of both sides of the above equation,

log
detΣk

detΣl
= − (x− µk)

T
Σ−1

k (x− µk) + (x− µl)
T
Σ−1

l (x− µl)

Thus, Sk,l is given in the form as required.

(b) Assuming Σk = Σl = Σ,

πkfk(x)∑K
j=1 πjfj(x)

=
πlfl(x)∑K

j=1 πjfj(x)

⇐⇒ πkfk(x) = πlfl(x)

⇐⇒ πk exp

{
−1

2
(x− µk)

T
Σ−1 (x− µk)

}
= πl exp

{
−1

2
(x− µl)

T
Σ−1 (x− µl)

}
⇐⇒ πk

πl
= exp

{
1

2

{
− (x− µl)

T
Σ−1 (x− µl) + (x− µk)

T
Σ−1 (x− µk)

}}
Taking the logarithm of both sides of the above equation,

log
πk

πl
=

1

2

{
− (x− µl)

T
Σ−1 (x− µl) + (x− µk)

T
Σ−1 (x− µk)

}
Here, since Σ is a covariance matrix, it is a symmetric matrix,

ΣΣ−1 = I ⇐⇒
(
ΣΣ−1

)T
= I

⇐⇒
(
Σ−1

)T
ΣT = I

⇐⇒
(
Σ−1

)T
Σ = I
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Thus, noting that Σ−1 (denoted as (sij)) is also a symmetric matrix,

log
πk

πl
=

1

2

∑
i,j

sij {(xi − µki) (xj − µkj)− (xi − µli) (xj − µlj)}

=
1

2

∑
i,j

sij {xi (−µkj + µlj) + xj (−µki + µli) + µkiµkj − µliµlj}

=
1

2

∑
i,j

sij {2xi (−µkj + µlj) + (µkiµkj − µliµlj)}

= (µl − µk)
T
Σ−1x+

1

2
(µk − µl)

T
Σ−1 (µk − µl)

Therefore,

(µk − µl)
T
Σ−1x− 1

2
(µk − µl)

T
Σ−1 (µk − µl) + log

πk

πl
= 0

The desired a, b are

a =
{
(µk − µl)

T
Σ−1

}T

= Σ−1 (µk − µl)

b = −1

2
(µk − µl)

T
Σ−1 (µk − µl) + log

πk

πl

(c) For the plane equation obtained in (b) where Σk = Σl and πk = πl,

(µk − µl)
T
Σ−1x− 1

2 (µk − µl)
T
Σ−1 (µk − µl) = 0

⇔ (µk − µl)
T
Σ−1

(
x− µk−µl

2

)
= 0

Thus, the boundary is the plane x = (µk − µl) /2.

Chapter 4: Resampling

32. It is sufficient to show

(A+ UCV )
(
A−1 −A−1U

(
C−1 + V A−1U

)−1
V A−1

)
= I

(A+ UCV )
(
A−1 −A−1U

(
C−1 + V A−1U

)−1
V A−1

)
=I + UCV A−1 − U

(
C−1 + V A−1U

)−1
V A−1 − UCV A−1U

(
C−1 + V A−1U

)−1
V A−1

=I + UCV A−1 − UC · C−1 ·
(
C−1 + V A−1U

)−1
V A−1 − UC · V A−1U ·

(
C−1 + V A−1U

)−1
V A−1

=I + UCV A−1 − UC ·
(
C−1 + V A−1U

)
·
(
C−1 + V A−1U

)−1
V A−1

=I + UCV A−1 − UCV A−1 = I

Thus, the proposition is shown.
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33. (a) For

X =

 x1

...
xN

 ∈ RN×(p+1),

XTX =

N∑
i=1

xT
i xi =

∑
i∈S

xT
i xi +

∑
i/∈S

xT
i xi = XT

S XS +XT
−SX−S

Noting the equation shown in 32,

A = XTX, U = XT
S , V = −XS , C = I

we have,{
XTX −XT

S XS

}−1
=
(
XTX

)−1
+
(
XTX

)−1
XT

S

{
I −XS

(
XTX

)−1
XT

S

}−1

XS

(
XTX

)−1

(
XT

−SX−S

)−1
=
(
XTX

)−1
+
(
XTX

)−1
XT

S (I −HS)
−1

XS

(
XTX

)−1

where HS = XS

(
XTX

)−1
XT

S . Thus, the proposition is shown.

(b)

β̂−S =
(
XT

−SX−S

)−1
XT

−Sy−S

=
{(

XTX
)−1

+
(
XTX

)−1
XT

S (I −HS)
−1

XS

(
XTX

)−1
}(

XT y −XT
S yS

)
= β̂ −

(
XTX

)−1
XT

S yS +
(
XTX

)−1
XT

S (I −HS)
−1
(
XS β̂ −HSyS

)
= β̂ −

(
XTX

)−1
XT

S (I −HS)
−1
{
(I −HS) yS −XS β̂ +HSyS

}
= β̂ −

(
XTX

)−1
XT

S (I −HS)
−1
(
yS −XS β̂

)
= β̂ −

(
XTX

)−1
XT

S (I −HS)
−1

(yS − ŷ)

= β̂ −
(
XTX

)−1
XT

S (I −HS)
−1

eS

Thus, the proposition is shown.

34.

yS −XS β̂−S = yS −XS

{
β̂ −

(
XTX

)−1
XT

S (I −HS)
−1

eS

}
= yS −XS β̂ +XS

(
XTX

)−1
XT

S (I −HS)
−1

eS

= eS +HS (I −HS)
−1

eS

= (I −HS) (I −HS)
−1

eS +HS (I −HS)
−1

eS

= (I −HS)
−1

eS

Therefore, the sum of squared errors for all CV groups can be written as,∑
S

∥∥∥yS −XS β̂−S

∥∥∥2 =
∑
S

∥∥∥(I −HS)
−1

eS

∥∥∥2
Thus, the proposition is shown.
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35. The sum of squared errors matches, and the execution time of cv.fast is shorter.

39. The first three types of data are. For j = 1, 2, 3, the intercept and two slope estimates when the first variable
is regressed on the third and fourth variables are obtained, and the standard deviations of those estimates are
evaluated.

Chapter 5 Information Criteria

40. (a)

max
β∈Rp+1

l = max
β∈Rp+1

N∑
i=1

log f (yi | xi, β)

= max
β∈Rp+1

N∑
i=1

{
−1

2
log
(
2πσ2

)
− ‖yi − xiβ‖2

2σ2

}

= −N

2
log
(
2πσ2

)
− min

β∈Rp+1

N∑
i=1

{
‖yi − xiβ‖2

2σ2

}

= −N

2
log
(
2πσ2

)
− 1

2σ2
min

β∈Rp+1
‖y −Xβ‖2

Thus, when σ2 > 0 is known, maximizing l with respect to β is equivalent to minimizing ‖y −Xβ‖2.
(b) Differentiating l with respect to σ2 gives,

∂l

∂σ2
= − N

2σ2
+

1

2 (σ2)
2 ‖y −Xβ‖2

Setting
∂l

∂σ2
= 0 gives the maximum likelihood estimate σ̂2 as

σ̂2 =
1

N
‖y −Xβ̂‖2

where β̂ =
(
XTX

)−1
XT y.

(c) Using the fact that for any x > 0, log x ≤ x− 1, for any probability density functions f and g on R,∫ ∞

−∞
f(x) log

f(x)

g(x)
dx = −

∫ ∞

−∞
f(x) log

g(x)

f(x)

≥ −
∫ ∞

−∞
f(x)

{
g(x)

f(x)
− 1

}
dx = −

∫ ∞

−∞
{g(x)− f(x)}dx = −(1− 1) = 0

Finally, using the fact that f and g are probability density functions, we have shown the desired inequality.
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41. (a)

fN (y | x, β) =
N∏
i=1

f (yi | xi, β)

=

(
1√
2πσ2

)N

exp

− 1

2σ2

N∑
i=1

yi −
p∑

j=1

xijβj

2


∂fN (y | x, β)
∂βk

=

(
1√
2πσ2

)N
1

2σ2

 N∑
i=1

2xik

yi −
p∑

j=1

xijβj

 exp

− 1

2σ2

N∑
i=1

yi −
p∑

j=1

xijβj

2


=

(
1√
2πσ2

)N
1

σ2

 N∑
i=1

xik

yi −
p∑

j=1

xijβj

 exp

− 1

2σ2

N∑
i=1

yi −
p∑

j=1

xijβj

2


=fN (y | x, β)
N∑
i=1

xik

σ2

yi −
p∑

j=1

xijβj


∂l

∂βk
=

N∑
i=1

∂

∂βk
log f (yi | xi, β)

=

N∑
i=1

∂

∂βk

−1

2
log 2πσ2 − 1

2σ2

yi −
p∑

j=1

xijβj

2


=

N∑
i=1

∂

∂βk

− 1

2σ2

yi −
p∑

j=1

xijβj

2


=

N∑
i=1

xik

σ2

yi −
p∑

j=1

xijβj


=
∂fN (y | x, β)/∂βk

fN (y | x, β)

Therefore,

∇l = ∇f
N (y | x, β)

fN (y | x, β)

(b) Since fN (y | x, β) is a joint probability density function, we have∫
fN (y | x, β)dy = 1

Assuming that differentiation with respect to β and integration with respect to y can be interchanged,
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differentiating both sides with respect to β gives,∫
∇fN (y | x, β)dy = 0

(c)

E[∇l] =
∫
∇fN (y | x, β)
fN (y | x, β)

fN (y | x, β)dy

=

∫
∇fN (y | x, β)dy = 0

(d) Differentiating both sides of the equation obtained in (c) with respect to β gives,

0 =∇(E[∇l]) = ∇
∫

(∇l)fN (y | x, β)dy

=

∫
∇
{
(∇l)fN (y | x, β)

}
dy

=

∫ (
∇2l

)
fN (y | x, β)dy +

∫
(∇l)∇fN (y | x, β)dy

=E
[
∇2l

]
+

∫
(∇l)2fN (y | x, β)dy

=E
[
∇2l

]
+ E

[
(∇l)2

]
Thus, the desired result is shown. Therefore, from (d),

1

N
E
[
(∇l)2

]
= − 1

N
E
[
∇2l

]
is satisfied.

42. (a) For an unbiased estimator β̃ of β, ∫
β̃if

N (y | x, β)dy = βi

is satisfied, so differentiating both sides with respect to βj gives,∫
β̃i

∂

∂βj
fN (y | x, β)dy

=

∫
β̃if

N (y | x, β)(∇l)dy

=

{
1, (i = j)

0 (i 6= j)

Expressing this in the form of a covariance matrix,

E
[
β̃(∇l)T

]
=

∫
β̃

{
∇fN (y | x, β)
fN (y | x, β)

}T

fN (y | x, β)dy = I

Therefore, E
[
(β̃ − β)(∇l)T

]
= I. Finally, using the fact that E[∇l] = 0,
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(b) The desired covariance matrix is, E
[
(β̃ − β)(β̃ − β)T

]
E
[
(∇l)(β̃ − β)T

]
E
[
(β̃ − β)(∇l)T

]
E
[
(∇l)2

]
 =

[
V (β̃) I
I NJ

]

(c) [
V (β̃)− (NJ)−1 0

0 NJ

]
=

[
I −(NJ)−1

0 I

] [
V (β̃) I
I NJ

] [
I 0

−(NJ)−1 I

]
These are non-negative definite matrices, so for any x, y ∈ Rp+1, let z = [x, y]T ,

zT
[

V (β̃)− (NJ)−1 0
0 NJ

]
z = xT

{
V (β̃)− (NJ)−1

}
x+ yT (NJ)y ≥ 0

This is satisfied even when y = 0, so V (β̃) − (NJ)−1 is non-negative definite. Thus, the validity of the
Cramer-Rao inequality is shown.

43. (a) Taking the trace of both sides of E
[
(β̃ − β)(∇l)T

]
= I ∈ R(p+1)×(p+1),

p+ 1 = tr
{
E
[
(β̃ − β)(∇l)T

]}
= tr

{
E
[
(∇l)T (β̃ − β)

]}
= E

[
(β̃ − β)T (∇l)

]
Thus, the desired result is shown.

(b)

E

[∥∥∥X (XTX
)−1∇l

∥∥∥2] = tr
{
E
[
(∇l)T

(
XTX

)−1
XTX

(
XTX

)−1
(∇l)

]}
= tr

{
E
[
(∇l)T

(
XTX

)−1
(∇l)

]}
= tr

{
E
[(
XTX

)−1
(∇l)(∇l)T

]}
= tr

{(
XTX

)−1
E
[
(∇l)(∇l)T

]}
= tr

{(
XTX

)−1 1

σ2
XTX

}
=

1

σ2
tr {Ip+1} =

p+ 1

σ2

(c) {
E
[
(β̃ − β)T∇l

]}2

=
{
E
[
(β̃ − β)TXTX

(
XTX

)−1∇l
]}2

≤ E

[∥∥∥(β̃ − β)TXT
∥∥∥2]E [∥∥∥X (XTX

)−1∇l
∥∥∥2] = E

[
‖X(β̃ − β)‖2

]
E

[∥∥∥X (XTX
)−1∇l

∥∥∥2]
Using Schwartz’s inequality from the second to the third line. Therefore,

(p+ 1)2 ≤ p+ 1

σ2
E
[
‖X(β̃ − β)‖2

]
E
[
‖X(β̃ − β)‖2

]
≥ (p+ 1)σ2

44. (a)

log f(u | x, γ) =− 1

2
log 2πσ2 − 1

2σ2
(u− xγ)2

{(u− xβ)− x(γ − β)}2 =(u− xβ)2 − 2(γ − β)TxT (u− xβ)

+ (γ − β)TxTx(γ − β)
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Thus,
log f(u | x, γ)

= −1

2
log 2πσ2 − 1

2σ2
(u− xβ)2

+
1

σ2
(γ − β)TxT (u− xβ)− 1

2σ2
(γ − β)TxTx(γ − β)

Taking the sum over (x, u) = (x1, z1) , · · · , (xN , zN ), we get

−
N∑
i=1

log f (zi | xi, γ)

=
N

2
log 2πσ2 +

1

2σ2

N∑
i=1

(zi − xiβ)
2 − 1

σ2

N∑
i=1

(γ − β)TxT
i (zi − xiβ) +

1

2σ2

N∑
i=1

(γ − β)TxTx(γ − β)

=
N

2
log 2πσ2 +

1

2σ2
‖z −Xβ‖2 − 1

σ2
(γ − β)TXT (z −Xβ) +

1

2σ2
(γ − β)XTX(γ − β)

Thus, the desired result is shown.

(b) Given that E[z −Xβ] = 0,

E
[
‖z −Xβ‖2

]
− EZ

[
N∑
i=1

log f (zi | xi, γ)

]

=
N

2
log 2πσ2 +

1

2σ2
Nσ2 +

1

2σ2
‖X(γ − β)‖2

=
N

2
log 2πσ2e+

1

2σ2
‖X(γ − β)‖2

(c) The value of (4.8) is given by

−
N∑
i=1

∫ ∞

−∞
{log f (z | xi, γ)} f (z | xi, β) dz

The sum of the KL information is,

N∑
i=1

∫ ∞

−∞
f (z | xi, β) log

f (z | xi, β)

f (z | xi, γ)
dz = EZ

[
N∑
i=1

log
f (z | xi, β)

f (z | xi, γ)

]
=

1

2σ2
‖X(γ − β)‖2

Taking γ = β̂, obtained by the least squares method,

E
[
‖X(β̂ − β)‖2

]
= E

[
tr
{
(β̂ − β)TXTX(β̂ − β)

}]
= tr

{
V [β̂]XTX

}
= tr

(
σ2I
)
= (p+ 1)σ2

Thus, the average minimum value of (b) is

N

2
log 2πσ2e+

p+ 1

2

which is achieved by the least squares method.
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(d)
N

2
log
(
2πσ2

ke
)
+

k + 1

2
=

1

2

(
N log σ2

k + k
)
− N

2
log 2π +

N + 1

2

Since the second term and beyond do not depend on k, the desired result is shown.

45.

E [Un] =

n∏
i=1

(m+ 2(i− 1))

(a) Using the Maclaurin series expansion of log(x+ 1),

log(x+ 1) =

∞∑
i=1

(−x)i

−i
= x− x2

2
+

x3

3
− · · ·

we get,

E

[
log

U

m

]
= E

[
log

(
U

m
− 1 + 1

)]
= E

[(
U

m
− 1

)
− 1

2

(
U

m
− 1

)2

+
1

3

(
U

m
− 1

)3

− · · ·

]

= E

[
U

m
− 1

]
− 1

2
E

[(
U

m
− 1

)2
]
+ · · ·

(b)

E

[
U

m
− 1

]
=

1

m
E[U ]− 1 =

1

m
·m− 1 = 0,

E

[(
U

m
− 1

)2
]
=

1

m2
E
[
(U −m)2

]
=

1

m2

{
m(m+ 2)− 2m2 +m2

}
=

2

m

(c)
n∑

j=0

(−1)n−j

(
n
j

)
=

n∑
j=0

1j(−1)n−j

(
n
j

)
= (1− 1)n = 0

(d)

E [(U −m)n] =

n∑
j=0

(−1)j
(

n
j

)
mn−j

j∏
i=1

(m+ 2(i− 1))

For each j, the coefficient of mn−j
∏j

i=1(m+ 2(i− 1)) is 1 for n. Therefore, the coefficient of the nth term
is

n∑
j=0

(−1)j
(

n
j

)
=

n∑
j=0

(−1)j1n−j

(
n
j

)
= (−1 + 1)n = 0
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(e) For each j, the coefficient of the n− 1 term of mn−j
∏j

i=1(m+ 2(i− 1)) is

j∑
i=1

2(i− 1) = j(j − 1)

Therefore, the coefficient of the n− 1 term is

n∑
j=0

(−1)j
(

n
j

)
j(j − 1)

=

n∑
j=2

n!

(n− j)!(j − 2)!
(−1)n−j−2

=n(n− 1)

n−2∑
i=0

(
n− 2
i

)
(−1)n−2−i1i = n(n− 1)(−1 + 1)n−2 = 0

(f) For n ≥ 3, from (d) and (e),

E [(U −m)n] = O

[
1

m2

]
By setting

U =
Nσ̂2(S)

σ2(S)
∼ χ2

N−k(S)−1,

m = N − k(S)− 1

we get

E

[
log

U

m

]
= E

[
log

(
Nσ̂2(S)

σ2(S)
/(N − k(S)− 1)

)]
=E

[
log

(
σ̂2(S)

N − k(S)− 1
/
σ2(S)

N

)]
=− 1

N − k(S)− 1
+O

(
1

N2

)
= − 1

N
− k(S) + 1

N{N − k(S)− 1}
+O

(
1

N2

)
= − 1

N
+O

(
1

N2

)
Thus,

E

[
log

σ̂2(s)

σ2

]
= E

[
log

U

N

]
= log

m

N
+ E

[
log

U

m

]
= log

{
1− k(S) + 1

N

}
− 1

N
+O

(
1

N2

)
= −k(S) + 2

N
+O

(
1/N2

)
Thus, the desired result is shown.

Chapter 6 Sparse Estimation

49.

L =
1

N
‖y −Xβ‖2 + λ‖β‖22

20



Differentiating with respect to β gives

∂L

∂β
= − 2

N
XT (y −Xβ) + 2λβ =

(
− 2

N
XTX + 2λI

)
β − 2

N
XT y

Thus, for
∂L

∂β
= 0, (

XTX +NλI
)
β = XT y

For a solution β = β̂ to exist, XTX +NλI must be invertible.

Assuming λ > 0, since XTX ∈ Rp×p is non-negative definite, all eigenvalues µ1, · · · , µp ofX
TX are non-negative.

Thus, the characteristic polynomial of XTX +NλI is φ(t),

φ(t) = det
(
XTX +NλI − tI

)
= (t− µ1 −Nλ) · · · (t− µp −Nλ)

Since Nλ > 0, all roots, i.e., eigenvalues of XTX +NλI are non-negative.

Conversely, if XTX +NλI is invertible, then for any i = 1, · · · , p,

µi +Nλ > 0

Since µi is an eigenvalue of XTX and X ∈ RN×p is arbitrary, µi can take any non-negative value. Thus, for
(49.1) to always hold, λ > 0 is necessary. Therefore, the desired result is shown.

50. (a)
f(x) ≥ f (x0) + z (x− x0)

For (50.1) to hold for x > x0,
f(x)− f (x0)

x− x0
≥ z

is necessary. For (50.1) to hold for x < x0,

f(x)− f (x0)

x− x0
≤ z

is necessary. Thus, z must be greater than or equal to the left derivative of f at x = x0 and less than or
equal to the right derivative. Since f is differentiable at x = x0, z = f ′ (x0) is necessary. Conversely, when
z = f ′ (x0), since f is a convex function, (50.1) holds. Thus, the desired result is shown.

(b) For zx ≤ |x| to hold,  x = 0 always holds
x > 0 needs z ≤ 1
x < 0 needs z ≥ −1

Thus, for (50.2) to hold, |z| ≤ 1 is necessary. Conversely, if |z| ≤ 1,

zx ≤ |z||x| ≤ |x|

holds, so (50.2) is satisfied. Therefore, the desired result is shown.

(c) i. When x0 < 0, the subdifferential is {−1}

21



ii. When x0 = 0,
f(x) ≥ f (x0) + z (x− x0)⇔ |x| ≥ zx

so the subdifferential is [−1, 1].
iii. When x0 > 0, the subdifferential is {1}

(d) For f(x) = x2 − 3x+ |x|,

f(x) =

{
x2 − 2x x ≥ 0
x2 − 4x x < 0

f ′(x) =


2x− 2, x > 0

2x− 3 + [−1, 1] = −3 + [−1, 1] = [−4,−2] x = 0

2x− 4 x < 0

Thus, this f(x) has a minimum at x = 1. Next, for f(x) = x2 + x+ 2|x|,

f(x) =

{
x2 + 3x x ≥ 0,
x2 − x x < 0

f ′(x) =

 2x+ 3 x ≥ 0,
2x+ 1 + 2[−1, 1] = 1 + 2[−1, 1] = [−1, 3], x = 0
2x− 1 x < 0

Thus, this f(x) has a minimum at x = 0.

51. Sλ(x) can be written using the sign function

sgn(x) =


−1, (x < 0)

0, x = 0

1 x > 0

as
Sλ(x) = sgn(x)max{|x| − λ, 0}

52.

L =
1

2N

N∑
i=1

(yi − xiβ)
2
+ λ|β|

The subdifferential is

∂L

∂β
= − 1

N

N∑
i=1

xi (yi − xiβ) + λ


1 (β > 0)

−1 (β < 0)

[−1, 1] (β = 0)

= − 1

N
(z − β) + λ


1 (β > 0)

−1 (β < 0)

[−1, 1] (β = 0)
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Thus,

∂L

∂β
= 0⇔


0 = −z + β + λ (β > 0)

0 = −z + β − λ (β < 0)

0 = −z + β + λ[−1, 1] (β = 0)

⇔ β =


z − λ (z > λ)

z + λ (z < −λ)
0

Using Sλ(x), we can write β = Sλ(z).

55. The function cv.glmnet performs 10-fold cross-validation to determine the optimal value of λ for performing
Lasso. The glmnet function takes the response variable, explanatory variables, and λ as arguments and performs
Lasso. The selected variables are V3, V4, V5.

56. (a) Differentiating S with respect to β1 and substituting (β1, β2) =
(
β̂1, β̂2

)
, we get 0 =

∑N
i=1−2xi,1

(
yi − β̂1xi,1 − β̂2xi,2

)
.

Thus,
N∑
i=1

xi,1

(
yi − β̂1xi,1 − β̂2xi,2

)
= 0

Similarly, differentiating with respect to β2, we get

N∑
i=1

xi,2

(
yi − β̂1xi,1 − β̂2xi,2

)
= 0

Then,
yi − β1xi,1 − β2xi,2

=yi − ŷi + ŷi − β1xi,1 − β2xi,2

=yi − ŷi + β̂1xi,1 + β̂2xi,2 − β1xi,1 − β2xi,2

=yi − ŷi −
(
β1 − β̂1

)
xi,1 −

(
β2 − β̂2

)
xi,2

Moreover,
N∑
i=1

xi,1 (yi − ŷi) =

N∑
i=1

xi,2 (yi − ŷi) = 0

Expanding the desired sum,

N∑
i=1

(yi − β1xi,1 − β2xi,2)
2

=

N∑
i=1

[
(yi − ŷi)−

{(
β1 − β̂1

)
xi,1 +

(
β2 − β̂2

)
xi,2

}]2
=

N∑
i=1

(yi − ŷi)
2
+

N∑
i=1

{(
β1 − β̂1

)
xi,1 +

(
β2 − β̂2

)
xi,2

}2

=
(
β1 − β̂1

)2 N∑
i=1

x2
i,1 + 2

(
β1 − β̂1

)(
β2 − β̂2

) N∑
i=1

xi,1xi,2 +
(
β2 − β̂2

)2 N∑
i=1

x2
i,2 +

N∑
i=1

(yi − ŷi)
2

23



(b) Let A(1, 0),B(0, 1),C(−1, 0),D(0,−1). The range of
(
β̂1, β̂2

)
is obtained by excluding the portions that

touch the four sides (excluding vertices) when a circle centered at
(
β̂1, β̂2

)
and a square touch the four

sides of
(
β̂1, β̂2

)
.

For the side AB, the range is the portion above AB, excluding the portion between the lines AD and BC.

Similar consideration for the other three sides gives the range of
(
β̂1, β̂2

)
.

(c) When the unit circle centered at the origin is considered instead of a square, the range can be written as{(
β̂1, 0

)
;
∣∣∣β̂1

∣∣∣ > 1
}
∪
{(

0, β̂2

)
;
∣∣∣β̂2

∣∣∣ > 1
}

Chapter 8 Nonlinear Regression

57. (a) L =

N∑
i=1

yi −
p∑

j=0

βjx
j
i

2

For this,

y =

 y1
...
yN

 ∈ RN , X =


1 x1 x2

1 · · · xp
1

1 x2 x2
2 · · · xp

2
...

...
...

...
...

1 xN x2
N · · · xp

N

 ∈ RN×(p+1) , β =


β0

β1

...
βp

 ∈ Rp+1

we set L = ‖y −Xβ‖2. Therefore, β̂ that minimizes L can be written as

β̂ =
(
XTX

)−1
XT y

under the assumption that XTX is regular. Here, since rankX = rankXTX, the condition for XTX ∈
R(p+1)×(p+1) to be regular is rankX = p + 1. Assuming that among x1, · · · , xN , there are p + 1 distinct
values, let them be x(1), · · · , x(p+1), and consider the matrix

X ′ =


1 x(1) · · · xp

(1)

1 x(2) · · · xp
(2)

...
...

. . .
...

1 x(p+1) · · · xp
(p+1)

 ∈ R(p+1)×(p+1)

From the Vandermonde inequality,

detX ′ = (−1)
p(p+1)

2

∏
1≤i<j≤p+1

(
x(i) − x(j)

)
6= 0

we see that rankX ′ = p + 1, hence rankX = p + 1. Conversely, when there are p or fewer distinct values
among x1, · · · , xN , rankX < p+1, so XTX is not regular. Therefore, the condition for β0, β1, · · · , βp to be
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uniquely determined is that there are at least p+1 distinct values among x1, · · · , xN . Under this condition,
the solution is

β̂ =


β̂0

β̂1

...

β̂p

 =
(
XTX

)−1
XT y

(b) Similarly to (a),

fj :=

{
R→ {0}, j = 0
R→ R j = 1, · · · , p

L :=

N∑
i=1

yi −
p∑

j=0

βjfj (xi)

2

y =

 y1
...
yN

 ∈ RN , X =


1 f1 (x1) f2 (x1) · · · fp (x1)
1 f1 (x2) f2 (x2) · · · fp (x2)
...

...
...

...
...

1 f1 (xN ) f2 (xN ) · · · fp (xN )

 ∈ RN×(p+1) , β =


β0

β1

...
βp

 ∈ Rp+1

(f0(·) = 1) then, L = ‖y −Xβ‖2 and the β = β̂ that minimizes L, assuming XTX is regular, is

β̂ =
(
XTX

)−1
XT y

The condition for XTX ∈ R(p+1)×(p+1) to be regular is N ≥ p+1 and the p+1 column vectors of X being
linearly independent.

58. (a) For each i = 1, · · · , k + 1 and the cubic polynomials fi−1, fi,
fi−1 (αi) = fi (αi)

f
(1)
i−1 (αi) = f

(1)
i (αi)

f
(2)
i−1 (αi) = f

(2)
i (αi)

holds, so {
fi(x) =

∑3
j=0 εj (x− αi)

j

fi−1(x) =
∑3

j=0 δj (x− αi)
j

then, {
f1
i (x) =

∑3
j=1 jεj (x− αi)

j−1

f2
i (x) =

∑3
j=2 j(j − 1)εj (x− αi)

j−2

so, 
ε0 = fi (αi) = fi−1 (αi) = δ0,

ε1 = f
(1)
i (αi) = f

(1)
i−1 (αi) = δ1

2ε2 = f
(2)
i (αi) = f

(2)
i−1 (αi) = 2δ2
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hence, εj = δj (j = 0, 1, 2) holds. Therefore,

fi(x)− fi−1(x) = (ε3 − δ3) (x− αi)
3

so, the required γi can be set as γi = ε3 − δ3. Thus, the statement is proven.

(b) There exist K + 4 constants β1, β2, · · · , βK+4 such that

f(x) = β1 + β2x+ β3x
2 + β4x

3 +

K∑
j=1

βj+4 (x− αj)
3
+

holds, i.e., for any i = 0, 1, · · · ,K and any x ∈ [αi, αi+1],

f(x) = β1 + β2x+ β3x
2 + β4x

3 +

i∑
j=1

βi+4 (x− αi)
3

holds. For i = 0, in x ∈ [α0, α1], since f(x) = f0(x), there exist unique β1, β2, β3, β4 such that

f(x) = β1 + β2x+ β3x
2 + β4x

3

so (∗) holds. For i = 1, in x ∈ [α1, α2], since f1(x) = f0(x) + γ1 (x− α1)
3
, by setting β5 = γ1, (∗)

holds. Once β1, · · · , βi+4 are determined, i.e., the coefficients β1, β2, · · · , βi+4 for f(x) in x ∈ [α0, αi+1] are
determined,

fi+1(x) = f0(x) +

i+1∑
j=1

γj (x− αj)
3

by setting βi+5 = γi+1, for x ∈ [αi+1, αi+2],

f(x) = β1 + β2x+ β3x
2 + β4x

3 +

i+1∑
j=1

βj+4 (x− αj)
3

holds. Hence, by considering up to i = K − 1, we can determine β1, · · · , βK+4 that satisfy the required
equation. Thus, the statement is proven.

60. (a)

g(x) = γ1 + γ2x+ γ3
(x− α1)

3

αK − α1
+ · · ·+ γK

(x− αK−2)
3

αK − αK−2
+ γK+1

(x− αK−1)
3

αK − αK−1

To show that the natural cubic spline curve g(x) becomes a straight line for x ≥ αK and that the first and
second derivatives match at the boundary x = αK ,

g′′ (αK) = 0

is required. Therefore,

g′′ (αK) =

K∑
i=3

6γi ·
αK − α1

αK − α1
= 6

K+1∑
i=3

γi

hence, 6
∑K+1

i=3 γi = 0, therefore,

γK+1 = −
K∑
j=3

γj
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(b) For j = 1, · · · ,K − 1 and x ≥ αK ,

dj(x) =
(x− αj)

3 − (x− αK)
3

αK − αj

so for j = 1, · · · ,K − 2,

hj+2(x) =dj(x)− dK−1(x)

=
(x− αj)

3 − (x− αK)
3

αK − αj
− (x− αK−1)

3 − (x− αK)
3

αK − αK−1

=

{
(x− αj)

3 − (x− αK)
3
}
(αK − αK−1)

(αK − αj) (αK − αK−1)
−

{
(x− αK−1)

3 − (x− αK)
3
}
(αK − αj)

(αK − αj) (αK − αK−1)

is true. Simplifying the numerator of equation (60.1),{
(x− αj)

3 − (x− αK)
3
}
(αK − αK−1)−

{
(x− αK−1)

3 − (x− αK)
3
}
(αK − αj)

=
(
−α3

j + α3
K

)
(αK − αK−1)−

(
−α3

K−1 + α3
K

)
(αK − αj)

+ 3x
{(

α2
j − α2

K

)
(αK − αK−1)−

(
α2
K−1 − α2

K

)
(αK − αj)

}
+ 3x2 {(−αj + αK) (αK − αK−1)− (αK − αK−1) (αK − αj)}

=− (αK − αK−1) (αK − αj) (αK−1 − αj) (αj + αK−1 + αK)

+ 3x (αK − αK−1) (αK − αj) (αK−1 − αj)

= (αK − αK−1) (αK − αj) (αK−1 − αj) (3x− αj − αK−1 − αK)

hence,
hj+2(x) = (αK−1 − αj) (3x− αj − αK−1 − αK)

(c) First, for any x ≤ α1,
dj(x) = 0

thus, for any x ≤ α1,

g(x) = γ1 + γ2x+

K∑
j=3

γj {dj−2(x)− dK−1(x)} = γ1 + γ2x

is a linear function of x. Next, for any x ≥ αK ,

g(x) = γ1 + γ2x+

K∑
j=3

γjhj(x)

since hj(x) is at most a linear polynomial for j = 3, · · · ,K, g(x) is also linear. Thus, the statement is
proven.
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62. (a) For a natural cubic spline function g, g′′ (x1) = g′′ (xN ) = 0 and the third derivatives being constant
(denoted γi) in each interval [xi, xi+1],∫ xN

x1

g′′(x)h′′(x)dx = [g′′(x)h′(x)]
xN

x1
−
∫ xN

x1

g(3)(x)h′(x)dx

= 0−
N−1∑
i=1

∫ xi+1

xi

γih
′(x)dx = −

N−1∑
i=1

γi {h (xi+1)− h (xi)}

(b) Under the assumption of
∫ xN

x1
g′′(x)h′′(x)dx,∫ ∞

−∞
{f ′′(x)}2 dx ≥

∫ xN

x1

{f ′′(x)}2 dx =

∫ xN

x1

{g′′(x) + h′′(x)}2 dx

=

∫ xN

x1

[
{g′′(x)}2 + {h′′(x)}2

]
dx+ 2

∫ xN

x1

g′′(x)h′′(x)dx =

∫ xN

x1

[
{g′′(x)}2 + {h′′(x)}2

]
dx

≥
∫ xN

x1

{g′′(x)}2 dx =

∫ ∞

−∞
{g′′(x)}2 dx

Lastly, from 60.(c), since g′′(x) = 0 for x /∈ [x1, xN ]. Thus, the statement is proven.

(c) For a natural cubic spline function g, if g (xi) = f (xi) for i = 1, · · · , N , then setting h(x) = f(x) − g(x),
h (xi) = 0 for i = 1, · · · , N . Combining this with the inequality in (b),

RSS(f, λ) =

N∑
i=1

{yi − f (xi)}2 + λ

∫ ∞

−∞
{f ′′(x)}2 dx ≥

N∑
i=1

{yi − g (xi)}2 + λ

∫ ∞

−∞
{g′′(x)}2 dx

=RSS(g, λ)

64. The required smoothing spline function g minimizes

RSS(f, λ) =

N∑
i=1

{yi − f (xi)}2 + λ

∫ ∞

−∞
{f ′′(x)}2 dx

over all f : R→ R. Then, the first term of RSS(g, λ) is

N∑
i=1

{yi − g (xi)}2 =

∥∥∥∥∥∥∥
 y1

...
yN

−
 g (x1)

...
g (xN )


∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥
 y1

...
yN

−
 g1 (x1) · · · gN (x1)

...
. . .

...
g1 (xN ) · · · gN (xN )


 γ1

...
γN


∥∥∥∥∥∥∥
2

= ‖y −Gγ‖2

and the second term is

λ

∫ ∞

−∞
{g′′(x)}2 dx = λ

∫ ∞

−∞

N∑
i=1

γig
′′
i (x)

N∑
j=1

γjg
′′
j (x)dx

= λ

N∑
i=1

N∑
j=1

γiγj

∫ ∞

−∞
g′′i (x)g

′′
j (x)dx = λ

N∑
i=1

γi

N∑
j=1

γjg
′′
i,j = λγTG′′γ
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thus,
RSS(g, λ) = ‖y −Gγ‖2 + λγTG′′γ

Differentiating both sides by γ and simplifying,

0 = −2GT (y −Gγ) + 2λG′′γ =⇒
(
GTG+ λG′′) γ = GT y =⇒ γ = γ̂ =

(
GTG+ λG′′)−1

GT y

Thus, the first part of the statement is proven.

67. (a) Using matrices,
N∑
i=1

K (x, xi) (yi − [1, xi]β(x))
2

= (y −Xβ(x))T

 K (x, x1) · · · 0
...

. . .
...

0 · · · K (x, xN )

 (y −Xβ(x))

This can be rewritten as,

W ′ =

 K (x, x1) · · · 0
...

. . .
...

0 · · · K (x, xN )


so,

∑N
i=1 K (x, xi) (yi − [1, xi]β(x))

2
= (y − Xβ(x))TW ′(y − Xβ(x)) Differentiating by β, −2XTW ′(y −

Xβ(x)) which equals zero, XTW ′y = XTW ′Xβ(x) hence,

β̂(x) = β(x) =
(
XTW ′X

)−1
XTW ′y

So,

W = W ′ =

 K (x, x1) · · · 0
...

. . .
...

0 · · · K (x, xN )


W is a diagonal matrix with K (x, x1) , · · · ,K (x, xN ) as its diagonal elements.

Chapter 9 Support Vector Machines

75. (a) 
ϵi = 0 if it is on the correct margin or not,
0 < ϵi < 1 if it is between the margin and the boundary,
ϵi = 1 if it is on the boundary,
ϵi > 1 if it is on the opposite side of the boundary.

(b) Suppose there exists a solution M > 0 such that for at least r different i ∈ {1, · · · , n}, yi(β0 + xiβ) < 0.
For each such i,

yi(β0 + xiβ) ≥M(1− ϵi)
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implies ϵi > 1, and thus
∑N

i=1 ϵi > r. If γ ≤ r, then

N∑
i=1

ϵi ≤ γ ≤ r

which is a contradiction.

(c) For some γ = γ0, let (β, β0, ϵi) maximize M to M0. For γ = γ1 > γ0, the conditions are still satisfied, and
the optimal value of M is at least M0.

76. Consider (8.24). If there exists an index j ∈ {1, · · · ,m} such that fj(β) > 0, we can increase the value of αj to
make L(α, β) arbitrarily large. On the other hand, if fj(β) ≤ 0 for all j ∈ {1, · · · ,m}, setting α1 = · · · = αm = 0
gives the maximum value of L(α, β) as f0(β). Thus, (8.24) is proven. Next, for any α ∈ [0,∞)m, β ∈ Rp,

sup
α′≥0

L(α′, β) ≥ L(α, β) ≥ inf
β′

L(α, β′)

which implies
sup
α′≥0

L(α′, β) ≥ inf
β′

L(α, β′)

for any α ∈ [0,∞)m, β ∈ Rp. This inequality holds even when taking inf over β on the left and sup over α on
the right, implying (8.25). Now,

(p,m) = (2, 1)

L(α, β) = β1 + β2 + α(β2
1 + β2

2 − 1)

Thus,
f0(β) = β1 + β2

f1(β) = β2
1 + β2

2 − 1

α1 = α

From (8.24),

sup
α≥0

L(α, β) =

{
β1 + β2 if β2

1 + β2
2 − 1 ≤ 0

∞ if β2
1 + β2

2 − 1 > 0

This is minimized at β1 = β2 = −1/
√
2, giving the minimum value −

√
2. Hence, the left side of (8.25) is −

√
2.

Next,
∂L

∂β1
=

∂L

∂β2
= 0

yields {
1 + 2αβ1 = 0
1 + 2αβ2 = 0

implying β1 = β2 = −1/(2α). Thus,

inf
β

L(α, β) = − 1

2α
− 1

2α
+ α

{(
− 1

2α

)2

+

(
− 1

2α

)2

− 1

}
= − 1

2α
− α = −

(
α+

1

2α

)
The maximum value of this is −

√
2 for α = −1/

√
2. Thus, equality holds in (8.25).
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77. (a) From (8.30), let (f, x0, x) 7→ (f0, β
∗, β):

f0(β
∗) ≤ f0(β)−∇f0(β∗)T (β − β∗)

= f0(β) +

m∑
i=1

αi∇fi(β∗)T (β − β∗)

≤ f0(β) +

m∑
i=1

αi{fi(β)− fi(β
∗)}

= f0(β) +

m∑
i=1

αifi(β) ≤ f0(β)

where αi ≥ 0 and fi(β) ≤ 0 for i = 1, · · · ,m.

(b) For (8.26):
f0(β) = β1 + β2,

f1(β) = β2
1 + β2

2 − 1

Thus, (8.27), (8.28), (8.29) become 
β2
1 + β2

2 − 1 ≤ 0,
α(β2

1 + β2
2 − 1) = 0,(

1
1

)
+ α

(
2β1

2β2

)
=

(
0
0

)
78. First, from (8.27), for i = 1, · · · , N ,

yi(β0 + xiβ)− (1− ϵi) ≥ 0,

ϵi ≥ 0

Next, from (8.28), for i = 1, · · · , N ,

αi{yi(β0 + xiβ)− (1− ϵi)} = 0,

µiϵi = 0

and from (8.29), 
∂LP

∂β0
= 0,

∂LP

∂β = 0,
∂LP

∂ϵi
= 0,

yields 
∑N

i=1 αiyi = 0,

β −
∑N

i=1 αiyix
T
i = 0,

C − αi − µi = 0

79. By optimizing LP with respect to β0, β, from (8.32) and (8.34), LP is written as:

1

2
‖β‖22 +

N∑
i=1

(C − µi − αi)ϵi +

N∑
i=1

αi −
N∑
i=1

αiyi(β0 + xiβ) =
1

2
‖β‖22 +

N∑
i=1

αi −
N∑
i=1

αiyixiβ
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Using (8.33),

1

2
‖β‖22 =

1

2

(
N∑
i=1

αiyix
T
i

)T ( N∑
i=1

αiyix
T
i

)
=

1

2

N∑
i=1

N∑
j=1

αiαjyiyjxix
T
j ,

−
N∑
i=1

αiyixiβ = −
N∑
i=1

αiyixi

N∑
j=1

αjyjx
T
j = −

N∑
i=1

N∑
j=1

αiαjyiyjxix
T
j

Thus, we can construct the function LD with Lagrange multipliers αi, µi ≥ 0, i = 1, · · · , N :

LD =

N∑
i=1

αi −
1

2

N∑
i=1

N∑
j=1

αiαjyiyjxix
T
j

Given (8.32) and (8.34), {
0 ≤ αi ≤ C (i = 1, · · · , N)∑N

i=1 αiyi = 0

By solving this dual problem, we obtain αi, i = 1, · · · , N which gives β by substituting into (8.33).

80.
yi(β0 + xiβ) > 1⇒ yi(β0 + xiβ)− (1− ϵi) > 0⇒ αi = 0,

0 < αi < C ⇒ µi > 0⇒ yi(β0 + xiβ)− (1− ϵi) = 0⇒ ϵi = 0,

yi(β0 + xiβ) < 1⇒ ϵi > 0⇒ µi = 0⇒ αi = C

81. (a) When α1 = · · · = αN = 0, from (8.33), β = 0. From (8.34) and (8.36), ϵ1 = · · · = ϵN = 0. Assuming
yi(β0 + xiβ) = 1 for all i = 1, · · · , N ,

yiβ0 = 1 > 0

Since yi ∈ {−1, 1}, y1 = · · · = yN is necessary. Thus, for all i = 1, · · · , N , (yi, β0) = (±1,±1) (same sign).
Hence, the statement is proven.

(b) If αi = C implies ϵi > 0 and αi = 0 implies ϵi = 0, then,

ϵ∗ = min
i=1,··· ,N

ϵi ≥ 0

By replacing each ϵi with ϵi − ϵ∗ and β0 with β0 + yiϵ∗,

yi(β0 + yiϵ∗ + xiβ) = yi(β0 + xiβ) + ϵ∗

so
yi(β0 + xiβ)− (1− ϵi) = yi(β0 + xiβ) + ϵ∗ − (1− ϵi + ϵ∗)

This does not change the value. Considering (8.37) with the contrapositive of the third proposition of 80,
equality holds in (8.37) for both cases αi = 0, C. Therefore, all seven KKT conditions hold. After replacing,

ϵ∗

N∑
i=1

(C − µi) = ϵ∗

N∑
i=1

αi > 0

is reduced, which is not an optimal solution for LP .
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(c) From (a) and (b) and the proposition 80, there exists at least one index i such that 0 < αi < C or
yi(β0 + xiβ) = 1. In the former case, from the two propositions of 80, yi(β0 + xiβ) = 1 holds. Hence, the
statement is proven.

82.

LD =

N∑
i=1

αi −
1

2

N∑
i=1

N∑
j=1

αiαjyiyjxix
T
i

can be rewritten as

LD = −1

2
αTDmatα+ dTvecα

with the constraints
Amatα ≥ bvec

where

bvec = [0,−C, · · · ,−C, 0, · · · , 0]T ∈ Rm, Amat ∈ Rm×N , meq ∈ N, Dmat ∈ RN×N , dvec ∈ RN

Setting

z =

 x1,1y1 · · · x1,py1
...

. . .
...

xN,1yN · · · xN,pyN

 ∈ RN×p

and

m = 2N + 1, Amat =



y1 · · · yN
−1

. . .

1 −1
. . .

1


∈ R(2N+1)×N , meq = 1, Dmat = zzT , dvec = [1, · · · , 1]T

we obtain the same dual problem.

83.
K(x, y) = (1 + xT y)2

= (1 + x1y1 + x2y2)
2

= 1 + 2x1y1 + 2x2y2 + x2
1y

2
1 + 2x1x2y1y2 + x2

2y
2
2

=
[
1,
√
2x1,
√
2x2, x

2
1,
√
2x1x2, x

2
2

] [
1,
√
2y1,
√
2y2, y

2
1 ,
√
2y1y2, y

2
2

]T
Thus, the mapping ϕ is

(x1, x2) 7→ (1,
√
2x1,
√
2x2, x

2
1,
√
2x1x2, x

2
2)

84. (a) For any f, g, h ∈ V and α, β ∈ R,

〈f, g〉 =
∫ 1

0

f(x)g(x)dx
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defines the inner product:

〈f, g〉 =
∫ 1

0

f(x)g(x)dx =

∫ 1

0

g(x)f(x)dx = 〈g, f〉,

〈αf + βg, h〉 =
∫ 1

0

{αf(x) + βg(x)}h(x)dx = α

∫ 1

0

f(x)h(x)dx+ β

∫ 1

0

g(x)h(x)dx = α〈f, h〉+ β〈g, h〉,

〈f, f〉 =
∫ 1

0

{f(x)}2dx ≥ 0 (equality holds if and only if f ≡ 0)

Thus, 〈·, ·〉 is an inner product on V .

(b) For any x, y ∈ Rp, let 〈x, y〉 = (1 + xT y)2. Then,

〈0 · x, y〉 = 12 = 1 6= 0 = 0 · 〈x, y〉

which shows 〈·, ·〉 is not linear and thus not an inner product on V .

Chapter 10 Unsupervised Learning

90. (a) For each j = 1, · · · , p,
1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − xi′,j)
2
= 2

∑
i∈Ck

(xi,j − x̄k,j)
2

It is sufficient to show the above. For the left-hand side of (90.1),

1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − xi′,j)
2

=
1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − x̄k,j + x̄k,j − xi′,j)
2

=
1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − x̄k,j)
2
+

1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(x̄k,j − xi′,j)
2
+

2

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − x̄k,j) (x̄k,j − xi′,j)

The first and second terms are equal, and the third term is zero. Thus,

1

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − xi′,j)
2
=

2

|Ck|
∑
i∈Ck

∑
i′∈Ck

(xi,j − x̄k,j)
2
= 2

∑
i∈Ck

(xi,j − x̄k,j)
2

The right-hand side matches the right-hand side of (90.1). Therefore, the desired equality is proven.

(b) From (a), the score S can be written as:

S = 2

K∑
k=1

∑
i∈Ck

p∑
j=1

(xi,j − x̄k,j)
2
= 2

K∑
k=1

∑
i∈Ck

‖xi − x̄k‖2
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In this case, for each k = 1, · · · ,K and any vector x,∑
i∈Ck

‖xi − x‖2 =
∑
i∈Ck

‖(xi − x̄k)− (x− x̄k)‖2

=
∑
i∈Ck

‖xi − x̄k‖2 +
∑
i∈Ck

‖x− x̄k‖2 − 2 (x− x̄k)
T
∑
i∈Ck

(xi − x̄k)

=
∑
i∈Ck

‖xi − x̄k‖2 +
∑
i∈Ck

‖x− x̄k‖2 ≤
∑
i∈Ck

‖xi − x̄k‖2

This shows that even taking two steps does not increase the score S.

(c) First, in the first case, 3 and 10 are the centers of clusters 1 and 2 respectively. The nearest cluster centers
for 0, 6, and 10 are 3, 3, and 10 respectively, and continuing the process will not change this state. The
score S in this case is:

S = 32 + 32 + 02 = 18

In the second case, 0 and 8 are the centers of clusters 1 and 2 respectively. The nearest cluster centers for
0, 6, and 10 are 0, 8, and 8 respectively, and continuing the process will not change this state. The score S
in this case is:

S = 02 + 22 + 22 = 8

93. When applying Centroid Linkage, initially (5,8) and (9,0) are combined, and the cluster distance is
√
42 + 82 = 80.

At this point, the center is (7,4), and the distance between this and the other center (0,0) is
√
72 + 42 =

√
65.

Since this distance is smaller than the initial cluster distance, the dendrogram tree intersects.

94. (a) Under the condition that ‖ϕ‖2 = 1, consider maximizing ‖Xϕ‖2. The KKT condition gives:

L = ‖Xϕ‖2 − γ
(
‖ϕ‖2 − 1

)
Taking the derivatives ∂L/∂γ = 0 and ∂L/∂ϕ = 0, we obtain:

XTXϕ = γϕ

Thus, ϕ must be an eigenvector of XTX and therefore of Σ:

‖Xϕ‖2 = ϕTXTXϕ = ϕTXTXϕ = γϕTϕ = γ‖ϕ‖2 = γ

The maximum γ is the largest eigenvalue of XTX. Thus, ϕ = ϕ1 is the eigenvector corresponding to λ1 of
Σ, satisfying:

Σϕ1 = λ1ϕ1

(b) Vectors belonging to different eigenspaces of a symmetric matrix are orthogonal. Since all eigenvalues are
distinct, each eigenspace has dimension 1, and the eigenvectors are orthogonal.
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97.
N∑
i=1

∥∥xi − xiΦΦ
T
∥∥2 =

N∑
i=1

‖xi‖2 +
N∑
i=1

xiΦΦ
T
(
xiΦΦ

T
)T − 2

N∑
i=1

xi

(
xiΦΦ

T
)T

=

N∑
i=1

‖xi‖2 −
N∑
i=1

xiΦΦ
T
(
xiΦΦ

T
)T

=

N∑
i=1

‖xi‖2 −
N∑
i=1

xiΦΦ
TxT

i =

N∑
i=1

‖xi‖2 −
N∑
i=1

‖xiΦ‖2 ,

N∑
i=1

‖xiΦ‖2 =

N∑
i=1

m∑
j=1

(xiϕj)
2
=

m∑
j=1

N∑
i=1

(xiϕj)
2
=

m∑
j=1

∥∥∥∥∥∥∥
x1ϕj

...
xNϕj

∥∥∥∥∥∥∥
2

=

m∑
j=1

‖Xϕj‖2
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